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Neural networks are used to emulate the planetary fluid tlow
(Pangu-Weather: Bi et al. (2023), Nature)



Some challenges and progress

Al weather forecast g, ., i 2023) Nature

Training data (Re-analysis)
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Spectral bias is bad for multiscale problems

Al weather forecast g, ., i 2023) Nature Training data (Re-analysis)
10m Wind Speed, Pangu-Weather, Forecast Time: 72 hours 10m Wind Speed, ERA5 (Ground-Truth) ‘?
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Outline

* High-precision NN algorithm for tackling the spectral
bias

* Applications to tinding PDE solutions numerically

* Applications of finding singularities in fluids



Outline

* High-precision NN algorithm for tackling the spectral
bias



Neural network amiadas .ol 2021

Fully-connected Neural network




Neural network amiadas .o 2021

Fully-connected Neural network

Function ’U,(.’L') = Y we <Z wi Vo ( o (Z w'? o (w§°)x + b§°)> +b§.”> ) + b,ﬁ"”) + 5™
j=1 i=1 i=1

w: weights b : biases o(x): activation function

\ / !

(free parameters to be trained) (fixed and selected by users)



Neural network amiadas .o 2021

Fully-connected Neural network

u(z) = wip)o ( o <Z ’wﬁ) o (ngO)x + b50)> + b§-1)> ) + ™ Universal function approximator
j=1 i=1

w: weights b :biases  o(x): activation function Hornik et. al. (1989), Neural Netw.2



Neural network and Fourier series i

Fully-connected Neural network

N
Fourier series: v (x, wy,, by,) = Z w, Sin(nx)
n=0

u(z) = Y wi)o ( o (Z i) o (wEO)QT + b§0)> + b§-1)> ) + ;" Universal function approximator
j=1 i=1
w: weights b :biases  o(x): activation function Hornik et. al. (1989), Neural Netw.2

Use sin() activation Ain If using sin() activation, need
f [ ’1 : >
/\3 f\/ / lots of neurons (frequencies)
-U \-//)(

% Better to use tanh() activation



Neural network for curve fitting Karniadakis et . (2021),

Nat. Rev. Phys.

Fully-connected Neural network

Iu(:c) = Isin(7r1')I

1L —Ground truth |
- - NN approx.
X Sample data

0.8

0.6

0.4

02F

Data points
03

() = S ul ( , (Z w0 (w4 50) + bg.1>> ) 4o X
j=1 i=1
Updating variables: w: weights b : biases

N oL/

Optimization < Loss data of w at 2 — 2
wit) = w® — v J(z, w® b®) Cost function: mean squared error
Gradient descent : . N
bl+D) — b® _ 5 vy J(z, w®, b®) 1 Na *( oo
J(x,w,b) =lossq = N Z[u(mi,w,b) —u,; |
W(i), b® : value at the i-th iteration n : learning rate d =1




Yongji Wang
Postdoc

Expressiveness of neural networks

* NN’s function approximation errors = Multistage neural network

NN as universal function approximators: Hornik et al (1990) ~ Wang & Lai, J. Comput. Phys. (2024)

(a) 12 ‘ ” ‘ I - ‘ I
i I H\H ({AFT
U os} ' ! '
i 4 LOW conver ¢ | EE——
° —uy(z) = sin(2z + 1) + 0.2¢% | s }:Bnce rate PP ETa—Y
osr — -NN approx. up(z) i
-1_1 -0.8 -0.6 -04 -0.2 0 0.2 0.4 0.6 0.8 1 : MMMMM\MMMM M
() ] i\,m-4 1 First—lstago rrcsiduolcl(;c) | s ' - Regular NN
: ) Stage 2 -
€1 of —ple >|
. 1 .
5| —e1(x) = uy(x) — up (Y] ; : :\ Adam : L-BFGS
- -2nd-stage NN: uy(x) | ! 0
-1 08 06 04 02 0 0.2 0.4 0.6 0.8 14
<107 Second stage residue es(x) ;
(C’) 5F T T T T T T v
€2 ¢ ; I 7%%]?1(}8 }—> network: [1, 30, 30, 30, 1] __) MUItIStage NN
oL ' ' 1 i 10— multlstage —» network: [1, 20, 20, 20, 1] x2
I Single-float (32bit) Roundoff error: 107" —ea2(x) = e1(x) — equr(z) 7 !
A s o8  0i oz o0 oz o4 o8 o8 1 0 2000 4000 6000 8000 10000 12000
T : Niters
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Spectral bias: A Fourier analysis of NN e oo

For a single-hidden-layer NN with input = € R and output v € R

m

u(x) = Z wt! o (w; Oy 4 b i),  where 6; = {u( ) fu*( ) . bi}

J
j=1

The mean square loss measures the distance between the NN output u(x) and ground truth ug (x)
J= [ S(u(x) —ug(x))?de = [77_5|a(k) — d4(k)|[*dk , where (k) denotes the Fourier transform of u(x)
The loss at frequency kis J(k) = %@ — ,)|?

For tanh activation function, the gradient of loss at J(&) with respect to NN parameters 6; is

- where A(k) € [0,400) is the amplitude of @ — 4,

0J (k) 3 b (0)|
‘ 0, 'NAU%)E |

This gradient decay rapidly with frequency kil This is a simple explanation of the spectral bias.



Yongji Wang

Capturing high-frequency functions Foes

n\

\

* For multiscale problems, it 1s important to rescale the NN weights so that it actives the learning of high-

frequency (large k) functions
mk

9T (K 0|
‘ - (k) ~ A(k)e 2wt e w©@ o k
()91 We make .

J

Our implementation: Wang & Lai, J. Comput. Phys. (2024)

oe e g g
\ First layer: o¢(z) = sin (ﬁ:w( )2 + b(o))
o o o \

k: scaling factor

® Q

e © o (o} /
/ ‘ k is user-defined hyperparameter‘

17



Main idea Wang & Lai, J. Comput. Phys. (2024)

When NN training error 1s small, the learning becomes really slow.
MSNN includes a superposition of multi-stage NNs, with each stage using a new NN
to fit the residue rescaled to O(1) from the previous NN.

T

u((;”’) () = up(x) + €erur () + equa(x) + ... + €quy(x) = Z €;u;(x)
1=0

where 1> €1 > e > ... > €,
ug(x), up(x) and wu,(z) are all of order O(1) NNs of different stages

Related work with similar flavors: Sequential residual learning: Krishnanunni & Bui-Thanh
arXiv:2211.06860, Multi-level neural networks: Aldirany et al. (2024), Stacked networks: Howard et
al. arXiv:2311.06483, Precision Machine Learning: Michaud et al. arXiv:2210.13447.. .etc 12



(a)?

Multistage-NN (MSNN

1k

- -1st-stage NN: uy(z)

—ug(x) = f3/(0 01 + t4)

-0.5 0 0.5 1
' 10 —
% -~ E \\

- ‘;\

- . 1072 Y. -
. €~ nzters =
*e . L.
% : Single-stage training
Yo 10
I s‘\ 10° TNiters 10°
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¥ Niters 3
e £ ) 25 Multi-stage training

0 100 200 300 400 500 600

v/ Niters

Wang & Lai, J. Comput. Phys. (2024)
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Scaling laws: Smaller errors, higher frequencies

2 T T
(a) —u,(z) = £3/(0.01 + t4)
- -1st-stage NN: uy(z)

1010F 0-uy(z) = V2 + z + e
—0-uy(z) = 3/(0.01 + *)
7 ug(z) = log(x + 2) sin(2z + z*)

10-10F =0-3 layers & 30 units
o | -0-5 layers & 30 units
] -7-3 layers & 50 units

i 05 0 05 1 10 10° 10 102 10° 10" 10° 10’ 10°
dominant frequency f; dominant frequency f;

Observed universal power-law: Error of ug(z) — ¢

fd X 6—1/04 where ( = 6 Error of %ug(x) —>€(27rfd)

Error of %ug(az) —> (2T fq)" ~ el—n/o

20



Can multistage-NN

spectral bias in fluic

Example:
How precisely can a NN
approximate a 2D fluid flow?

S?

2D incompressible Navier-Stokes eqn:
W: vorticity

Y: stream function

Oy Ox Or Oy  Re
V1) = —w

_I_E??,b@w oY Ow __ 1V2OJ

Training data:

Numerical solution at Re = 2000

w(x,y,t)

Energy spectrum: E(k,t) =

Jakin Ng

oe used to tackle the — swe

E (k)
I'II_I_I'I'I'I'I'I'II_I_I'I'I'I'I'III_I_I'
10° 10t 104
k

> SRk

k—Ak<|k|<k+Ak



E.g. 2D incompressible Navier-Stokes Loss convergence

100 4
] —— Stage 0 Loss
10_1'E
Target Y(x, y) Error % 10-2 ]
5]_‘ - Y 6 AN 7} 0.0003 -
0.5
5 \ ‘ 5 0.0002 10_3 ]
4 . o 4 0.0001
3. y 3 0.0000
24 " R 2 gl 6 50600 1001000150'000
# 1 -0.0002
. 4 z ~0.0003
D'U 2 4 6 0 9 4 6
X X Energy spectrum
Errorin ?
) ) 107 4
NN (x,y) Fourier domain
S 102 i
6 - ) f
10—3 _
5 - = Due to
41 . 1078 4 .
™ spectral bias
25 | 10—13 i
21 d _1g | — Target E(k)
11 10 —— Predicted E(k)
Do 2 X 4 6 ~200 0 200 10° 10 102
k
ke,
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E.g. 2D incompressible Navier-Stokes

Stage O Stage 1

Target (x,y) Error Error 1077
J ' ‘ - ' 6 Tl e S NS e 0.0003 FEai = 1.0
5 ~ o 5 0.0002
41 " i 4 0.0001 0.5
3_.- y 3 0.0000 y 0.0
5 ﬂ -0.5 2 -0.0001 N
11 1 ~0.0002 0
0. 5 4 5 ~0.0003 . -1.0

0 2 4 6 0 2 4 6 0 2 4 A

X X X
Errorin Errorin

NN (x,y) Fourier domain Fourier domainlo_10
: ' ‘ ' aE 200 200
Z_ ‘. 100 106

0.0

3 . ky 0 y 0
2 A 0 -100 ~100
b -1.0 —200 -200

.._. e
% 2 4 & ~200 0 200 -200 0 200

g ke ke

Loss conve rgence

100 -
- Stage 0 Loss
- Stage 1 Loss
10—2 -
?
S 104+
10—5 -
0 100000 200000 300000
Energy spectrum
107 -
102 .
10774
v
g 10—8_.
10713 4 |
10-184 — Target E(k)
—— Predicted E(k)
10° 10! 102

k
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E.g. 2D incompressible Navier-Stokes

Target Y (x,y)

Tal®w 3
0 2 )C 4 6
NN Y (x,y)

5‘ S ~. ,

N

e )
0 2 :{ 4 (5]

Stage 1

Stage 0

Error Error 1077
o ERINNS 0.0003 6 . -
o 54 : 0.0002 54
- 05
o 4 0.0001
3 ‘5 0.0000 y 0.0
—05 y 2 ~0.0001 2 os
1 |l 00002
. 0B (R 1l -0.0003 s -10
0 2 4 6 0 2 4 A
X X
Errorin Errorin
Fourier domain Fourier domainlo_10
0.5 200 200 .
100 100 g
0.0
k
yo Y o \
-0.5
-100 -100
2
=10 -200 -200
-200 0 200 -200 0 200
k, k,

Loss conve rgence

10—2_
Machine
seoee Stage 3 107> - recisi )n
[
Error 10716 g 1071 P
. o]
6 A = 10-11 4 .
E; ’ 10 - Stage 0 Loss
1 43 10-14{ —— Stage 1 Loss
41 ~— Stage 2 Loss
AR 0 10779 —— stage 3 Loss
& % © 2 0 200000 400000 600000
]
ol -2
0 2 éll 6
X Energy spectrum
Errorin 1011 5
Fourier domain 10° 4
10—19
101_
. :2 10_4'
100 : Ej
. 10—9 4
Y ; 10-14 4
~100 4 —— Target E(k)
1071 —— Ppredicted E(k)
=200 48
100 100 102
k
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Multistage NN can tackle the spectral bias &
accelerate loss convergence Wwssla) Compu Phys 2024

Ng, Wang & Lai, ICML workshop (2024), arXiv:2407.17213

Energy spectrum LLoss convergence
109 - Target 10-1 -
10° -3
10
Regular NN Regular NN
10" 4 (spectral bias) 10-5 -
_ 10771 A/ 2 1077 -
3 Q
M 1077 1 — 1079 4
10711 4 Multistage NN / 10-114
10-15 (no spectral bias) iy
Multistage NN ‘
-19 | _ . -
10 Navier-Stokes, Re = 2000 1075 (machine precision) ——>
10t 102103 0 100000 200000 300000 400000 500000
Iterations

Wavenumber k
25



Multi-stage NN for regression problems

Regression

First-stage training

Second-stage training

nth-stage training

Final expression

Target function

Ug(z)

€1 (Q?)/El

en—1(Z)/€n—1

(1)

where

Network prediction

U1 (&D‘) (with k = 27 f4,)

U (.7)) (with k =27 fq, )

Error

e1(x) = ugy —ug

es(x) = e1(x) — eus(x)

en(

0 =1>€ >e>..>¢€

Amplitude

€1

€2

Frequency

Ja,
fd.

fa.,

() = up(x) + equr(x) + eoua(z) + ... + equy () = Z eju ()
=0

26



We have shown that MSNN are good

function approximators, can it be used to find

PDE solutions numerically?

Wang & Lai, . Comput. Phys. (2024)

27



Physics-informed neural networks e

Fully-connected Neural network

1 d)
n n Data loss: lossg = — u(z;, w,b —ug 2
u(z) = > wio ( o (Z w') o (wg°>x + b§°>) + b§1>> ) +b{™ ‘7 Ny ;[ ( ) ]
j=1 i=1
Updating variables: w: weights b : biases LN
\ I / Eqn loss: lossy = N > A (xj, u(zj, w,b))
=1
Optimization < Loss
wit) = w® — p v J(z, w® b®) Cost function: data + equation loss

Gradient descent . . . _
b+ — b® _ 5 vy J(z, w?, b®)

J(z,w,b) = lossq + lossy

w® b® : value at the i-th iteration n : learning rate




Multistage-PINN for simple ODE

0.8 : . '
Equation residue: f(u,x) o | Exact: ug(z) =" —x —1
— -PINN prediction: wug(x)
0.6}
Ansatz: u(gj) = U (gj) + elul(gj) s
. . u |
Equation residue of 15t stage NN ug:  f; = f(ug, x) 041
03F
x10”7
. ' ' 0.2}
5 - -
01F
h D/\/\/\/\/\
0
=3 - -1 1
-1 —01.5 6 0j5 1

Equation residue of 27 stage NN uq:  f5 = f(ug + €1uq, x)

%1071

4
TNiters x10



Outline

* Applications of finding singularities in fluids

With Tristan Buckmaster, Gonzalo Cao-Labora, Javier Gomez-Serran, Yongji Wang,
and Google DeepMind



A Millenntum Prize problem:
Does the Navier-Stokes equation always admit a unique and smooth

(infinitely differentiable) solution at any times?

One pathway: If one can find a solution to the Navier Stokes that

“blows up” at finite time, that would be a counter-example.

Can highly-precise NN help find the blow-up solution?

For the FEuler equations:
Wang, Lai, Gomez-Serrano, Buckmaster, Physical Review I etters (2023), Wang et al. arX1v:2509.14185
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Benchmark example: Burgers equation

Burgers’ equation

uy +uu, =0 Shock wave

Assuming the self-similar ansatz

w=(1-1)'U <(1 _%1“) is the solution that blows up at t = 1.

T
Yy = (1— )it 1s the self-similar variable.
Original Self-similar
coordinates "l coordinates

Steady-state

0.25 1
u 0.00 > U 0.00 /
—0.25 - o5
0.50 050

self-similar solution

—1.00
-1.0

. : . ‘ T ‘
= -1.00 : : : . : . .
50 -025 000 025 050 075 100 -1.00 -0.75 -050 -0.25 000 025 050 075 100



Benchmark example: Burgers equation

Burgers’ equation

uy +uu, =0 Shock wave

Assuming the self-similar ansatz

w=(1-1)'U <(1 _xt)1+/1> is the solution that blows up at t = 1.

i

Yy = (1 — t)1 T2 1s the self-similar variable.

we obtain the self-similar Burgers' equation

_2 =
U + ((1 +A>y+U)ayU 0 The goal for NN:

1. Find the solution U(y)
2. Find the self-similar exponent 4

This 1s an inverse problem!



Multistage NN for Burgers

Solution
profile:

Loss
function:

iter. = 20

0.5 .
inferred
Of A = 0.548
-0.5 —Exact
Nk PINN
-2 -1 0 1
Y
(¢)
.\‘ i
o0} \*L\E
L,
-
1620 Stage l:k.kﬂw_- ' .
- - >
" Seger | el |
=g 0.5 1' 15 2

Equation residues:

First-stage equation residue: f 1 ()7)

x107 *
ol
" A/\/\’“—’\/\/\/
) |
-4 L L 1 1 L L L
-2 -1 -0.5 0 0.5 1 1.5 2
x10714 5 '
I 4‘ Third- stflge equ‘xtlon residue: f (y) '
6 il
-5 1 i
-2 -1.5 -1 -0.5 0 0.5 '1 2
Y
Solution error:
x1071° 5

Close to machlne prec151on

UM,MWWW\ /\@W




Incompressible Euler equations

The pair (u, p) solves the incompressible 3-D Euler equations if

0
du+ (u-V)u+Vp=pAy, div(u)=0, and u(,t)=ug

for velocity u, pressure p and initial velocity ug.
Major question:

Does there exist smooth, finite energy initial condition Ug leading to a solution

blowing up in finite time?

DNS: Luo and Hou, PNAS (2014), Luo and Hou, MMS (2014)
Proof: Chen and Hou, arX1v:2210.07191 (2022), MMS (2025)

Can we leverage neural networks’ expressiveness to find highly accurate

numerical blow-up solution?
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Incompressible Euler equations

The pair (u, p) solves the incompressible 3-D Euler equations if

0
du+ (u-V)u+Vp=pAy, div(u)=0, and u(,t)=ug

for velocity u, pressure p and initial velocity ug.

Steady self-similar equations for axisymmetric Euler with boundary

r
{1+ ((1+)\)Y+U> Vil=2 The goal for NN:
< (2+0,U1)®+ ((1+Ny+U) Vb =-09, U ¥ 1. Find the solutions
, . Uy, ¥2), 21, ¥2), Y1, ¥2), P(y1, V2)
(2 T 8:92 UQ)W T ((1 T )\)y T U> VY = ayz Urd 2. Filnd ihe selfl—sinzﬁlar exioonzent/l v

\_ Q:8y1U2—8y2U1 divU =0

37



PINN (self-similar coordinate)

Automatic
differentiation

6 hidden layer; 30 units per layer

(o) Ooe o O o)

Ut I

I \
o ce e O o
() [ ) [ ) [ ) Q B =
o . | oy T
o oge e (O o ¢ :

| P :
o cge e | O o T Oy :

f1=Q—I—((1—|—y—|—U)-VQ—@
fa=(

—n f3=(2

PINN: Raissi ez. al. (2019), | Comp.Phys
Wang, Lai, Gémez-Serrano, Buckmaster,
Physical Review 1 etters (2023)

Self-similar Euler equations

2+ 0,0)® + (1+ Ny +U) - V& + 8, Up ¥ ;
/0y, Us)¥ + (1+ Ny +U) - VU + 9,12 ;
f4 7 le]. + 8y2U2

/5 =0 — (ay1U2 - 8y2U1)

+ b§1)> > +o" Y VA b

a(y) =Y wilo (Z T ( (Z wiy;
j=1 i=1 i=1

w: weights
b: biases

~_t ~

Optimization <

Updating variables: A: unknown in eqns

A

BC loss:
1 Nc(j)

losst!) = IT0) > 169 (v, w,b) — ¢
c =1

(j=1,2,...,5)

N
f
. k 1
| Eqn loss: loss(” = —® Z fr(yi,a(yi, w,b))
(k=1,2,..,5) f =1

-y

Loss
¢9: j-th output variable

qgj): data of ¢) at y = Yi



Adding structures to the NN-PDE solver

1. Symmetry constraints 2. Smoothness constraint 3. Map infinite to finite
domain size
— 2
Uy, ®,Q are odd in y; cg, losss = [3yyyf(y)] — 0 Change of coordinate:
e.g. Domain size sinh(30) ~ 5 x 10*2
Uz, W are even in ¥ 4 g 110000 ] "
-- PINN :
e.g., to impose odd symmetry O°U o1 - sinh(z)
o oy? Non-smooth point
U = [NNy(y)—NN,(—y)]|/2 0¢
-2 '11 6 1J 2 > Z

0

PINN is trained in
the z coordinate
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Find self-similar singularities to the Euler equation

I.oss function

Inferred A = 1.917

Wang, Lai, Gémez-Serrano, Buckmaster, PRL. (2023)

20
[]io l]Z
20 40
y 20 "
w1 0'4 05
f 10 f 20
20
Y Y2

L

100+

10'10 -

1071° k.

Niter

Smooth self-similar blow-up solution

Y1 Y2

0.5
Qo
-0.5

hn

Y2

0.5
®,

20
Y1 Y2

Uniform and small equation residues everywhere

f3e

Y1

A = 2.000
——Cond. loss L,
—Eqgn. loss L.
50 5k 20k 50k 90k 150k

0.3
: 02
v

@

v 0

40 40

20 20
20 49
20

Y2

iter. = 50
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Multistage reduces the PDE residuals to 0(1071%)

Inferred A = 1.920560013482733 Chen and Hou: 4 = 1.9205600

PDE residue of 0(107%) is required for a

computer-assisted prootf:

Chen and Hou, MMS (2025), arXiv:2210.07191

With multistage NN, the error 1s further reduced.
Wang et al., arXiv:2509.14185

I.oss function

Equation residue

sin(#) 0 0

41



Stable v.s. unstable singularities

Stability analysis of the linearized PDE around smooth singularity

solutions
- e
—> “
unstable direction in solution stable directionin
space: perturbations diverge solution space: singularity
from singularity solution solution remains stable to

perturbations
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To the best ot our knowledge there
hasn’t been any unstable smooth
blowup solutions to incompressible

tfluid equations reported in the literature
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Discovery of a zoom of new unstable singularities!

. . ango et al.. arXiv:2509.14185
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Discovery of a zoom of new unstable singularities!

R1

. ar : Wang et al., arXiv:2509.14185
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Discovery of a zoom of new unstable singularities!

o de 2 Wang et al., arXiv:2509.14185
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Discovery of a zoom of new unstable singularities!

Wang et al., arX1v:2509.14185
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SCIENCE

Discovering new solutions to century-
old problems in fluid dynamics

18 SEPTEMBER 2025

Fefferman, “[NN solution] is quantitative and precise

< Share

and has a much better chance of being made rigorous,”

EXISTENCE AND SMOOTHNESS OF THE
NAVIER-STOKES EQUATION

CHARLES L. FEFFERMAN

The Euler and Navier—Stokes equations describe the motion of a fluid in R™
(n = 2 or 3). These equations are to be solved for an unknown velocity vector
u(z,t) = (u;(x,t))1<i<n € R™ and pressure p(z,t) € R, defined for position z € R"
and time t > 0. We restrict attention here to incompressible fluids filling all of R™.
The Navier-Stokes equations are then given by




What have we learned?

* Multistage neural networks can boost approximation accuracy, tackle the
spectral bias and approach machine precision.

* This 1s useful for representing multiscale functions accurately.
* This 1s usetul for numerically finding highly accurate PDE solutions.

* It can be used for searching singularities in fluids, or more broadly for
finding solutions via imposing mathematical structures.

* It found (numerically) unstable blow-up solutions that are otherwise

difficult to find.

* Require A TONS of mathematical knowledge to guide the NN find the
right thing
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Code available at:
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